Published by Institute of Physics Publishing for SISSA/ISAS Received: August 22, 2003 Accepted: September 24, 2003

Non-perturbative effects in matrix models and D-branes

Sergei Yu. Alexandrov,^{ab} Vladimir A. Kazakov^a and David Kutasov^c

aLaboratoire de Physique Théorique de l’Ecole Normale Supérieure,^∗ 24 rue Lhomond, 75231 Paris CEDEX, France bService de Physique Théorique, CNRS - URA 2306, C.E.A. - Saclay F-91191 Gif-Sur-Yvette CEDEX, France cDepartment of Physics, University of Chicago 5640 S. Ellis Avenue, Chicago, IL 60637, USA E-mail: alexand@spht.saclay.cea.fr, kazakov@physique.ens.fr,

kutasov@theory.uchicago.edu

Abstract: The large order growth of string perturbation theory in c ≤ 1 conformal field theory coupled to world sheet gravity implies the presence of O(e^{− 1gs} ) non-perturbative effects, whose leading behavior can be calculated in the matrix model approach. Recently it was proposed that the same effects should be reproduced by studying certain localized D-branes in Liouville Field Theory, which were constructed by A. and Al. Zamolodchikov. We discuss this correspondence in a number of different cases: unitary minimal models coupled to Liouville, where we compare the continuum analysis to the matrix model results of Eynard and Zinn-Justin, and compact c = 1 CFT coupled to Liouville in the presence of a condensate of winding modes, where we derive the matrix model prediction and compare it to Liouville theory. In both cases we find agreement between the two approaches. The c = 1 analysis also leads to predictions about properties of D-branes localized in the vicinity of the tip of the cigar in SL(2)/U(1) CFT with c = 26.

Keywords: Bosonic Strings, D-branes, Matrix Models.

∗Unité mixte de Recherche du Centre National de la Recherche Scientifique et de l’Ecole Normale Supérieure associée à l’Université de Paris-Sud et l’Université Paris-VI.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep092003057 /jhep092003057 .pdf

Contents

1. Introduction 1

2. Non-perturbative effects in unitary minimal models coupled to gravity 3 2.1 Matrix model results 5 2.2 Liouville analysis 6

3. Non-perturbative effects in compactified c = 1 string theory 8 3.1 Matrix model analysis 9 3.2 Liouville analysis 14

4. Discussion 16

A. Correlation functions in Liouville theory 18

B. Solution of the equation for non-perturbative corrections in the c = 1 model 20

C. Disk one-point functions in c = 1 CFT 22

1. Introduction

In the late 1980’s and early 1990’s it was pointed out that low dimensional models of non-critical string theory, corresponding to c ≤ 1 conformal field theories coupled to world sheet quantum gravity, provide interesting toy models in which one can hope to study non-perturbative effects in string theory in a controlled setting. In particular, in [1, 2, 3] it was shown that certain large-N matrix models in a double scaling limit allow one to efficiently compute amplitudes in these theories to all orders in string perturbation theory. The general structure of the perturbative amplitudes is A ≃ ∞∑ h=0 g^{2h−2}_s c_h , (1.1)

where the genus h contribution c_h can be computed from the matrix model.

The question of the non-perturbative completion of these perturbative results was raised already in the original papers on the double scaling limit and was studied further in [4, 5, 6] and other papers. The matrix model results for the coefficients c_h showed that the latter grow with the genus like c_h ≃ a^h(2h)!; a was found to be positive for unitary models, so that the amplitudes are not Borel summable. Standard results on asymptotic

– 1 – series suggest that in this situation the leading non-perturbative ambiguities are of order A_{np} ∼ g^{fA}_s exp(−f_D/g_s), where f_A and f_D are computable from the large order behavior of the perturbative series.

In another significant development, S. Shenker [7] pointed out that the (2h)! large order behavior exhibited by low-dimensional non-critical strings is in fact expected to be generic in string theory, and thus the exp(−1/g_s) non-perturbative effects are very general as well. A natural source of such effects was found by J. Polchinski [8], who suggested that when going beyond perturbation theory in closed string theory, one has to include contributions of Riemann surfaces with holes, with boundary conditions corresponding to D-instantons – D-branes that are localized in spacetime and have finite action (or disk partition sum). It was shown in [8] that the combinatorics of summing over configurations containing multiple disconnected disks with these boundary conditions is such that the contribution of a single disk has to be exponentiated, leading to a non-perturbative contribution

A_D ∼ e^{Zdisk} . (1.2)

Here Z_{disk} is the disk partition sum of the D-instanton; it goes like Z_{disk} ∼ 1/g_s, as required for Shenker’s arguments.

The idea that D-instantons provide an important source of non-perturbative effects in string theory proved to be very fruitful in many contexts, but remarkably the original setting in which these effects were first discussed, c ≤ 1 string theory, remained mysterious for a long time.^1 The main problem was identifying the localized branes that could lead to such effects. Indeed, if one naively tries to construct a localized D-brane in Liouville theory, since the energy of the brane goes like 1/g_s, and the string coupling depends on the Liouville field ϕ, g_s ≃ exp(Qϕ), it seems that the D-brane will feel a force pushing it to the strong coupling region ϕ → ∞, where it becomes light, and leads to breakdown of perturbation theory. On general grounds one would expect the Liouville potential, μ exp(2bϕ) to regularize the problem, but no explicit construction of localized D-branes with sensible properties was known.

Progress came in a beautiful paper by A. and Al. Zamolodchikov [11], who constructed the necessary D-branes in Liouville field theory, and analyzed some of their properties. They showed that these branes correspond to a boundary state obtained by quantization of a classical solution for which ϕ → ∞ on the boundary of the world sheet. Nevertheless, correlation functions of bulk and boundary operators on the disk with these boundary conditions are sensible and well behaved.

The open string spectrum corresponding to these D-branes is particularly simple. For the simplest brane, labeled as the (1, 1) brane in [11], one finds in the open string sector only the conformal block of the identity. Thus, these branes are very natural candidates for the role of D-instantons in non-critical string theory. Indeed, it was recently proposed [12, 13] that the branes of [11] are the source of the leading non-perturbative effects observed in the matrix model.

1But, see [9, 10] for some discussions.

– 2 –

This assertion is one of the consequences of the recent progress on the relation between the c ≤ 1 matrix model and two dimensional string theory [14, 12, 15], according to which the D-branes of [11] are nothing but the eigenvalues of the matrices which figure in the analysis of [1, 2, 3] and the relation between the matrix model and Liouville theory is an example of an open-closed large N duality. In the matrix model, it is known that the leading non-perturbative effects are associated with eigenvalue tunneling (see e.g. [4, 5]); hence it is natural that in the continuum formalism, these effects should be due to the D-branes of [11].

The main purpose of this paper is to study the leading non-perturbative effects in the matrix model solutions of various c ≤ 1 models coupled to Liouville and, when possible, to compare them to the effects of D-instantons in the continuum formalism, obtained by using the D-branes of [11].

For c < 1, the matrix model analysis was done in [4, 5, 6]. We construct the appropriate D-instantons in the continuum approach, and show that they give the same leading nonperturbative contributions as those found in [6] (for the unitary minimal models). This case was discussed in [13]; our results do not agree with those of [13], since we use a different set of Liouville × matter branes to construct the D-instantons.

For c = 1, we study a compact scalar field x ∼ x + 2πR, with a winding mode perturbation δL = λ cos R(x_L − x_R), coupled to world sheet gravity. We derive the leading non-perturbative effects as a function of λ from the matrix model, and compare a small subset of these results to those obtained by using the branes of [11]. In all cases where a comparison can be made, the two approaches agree. We also use the c = 1 results to obtain matrix model predictions for non-perturbative effects in Sine-Liouville and the two dimensional euclidean black hole backgrounds.

The paper is organized as follows. In section 2 we discuss unitary c < 1 minimal models coupled to gravity. We briefly review the matrix model analysis of [6], and then discuss the form of the relevant D-instantons in the continuum approach. We point out that the quantity calculated in [6] is very natural from the continuum point of view, compute it and show that the continuum result agrees with the matrix model one.

In section 3 we discuss the (T-dual of the) Sine-Gordon model coupled to gravity. Using the results of [16], we derive a differential equation that governs the non-perturbative effects as a function of the Sine-Gordon coupling λ. We solve this equation, and use the solution to obtain information about the leading non-perturbative effects in Sine-Liouville theory, and for a particular value of R(= 3/2 of the self dual radius), for the euclidean two dimensional black hole (or cigar) with c = 26. We also perform a few continuum (Liouville) calculations, which reproduce some aspects of the matrix model analysis.

In section 4 we conclude and comment on our results. A few appendices contain useful technical results.

2. Non-perturbative effects in unitary minimal models coupled to gravity In this section we study the leading non-perturbative effects in minimal models coupled to gravity. We restrict the discussion to the case of unitary minimal models, since the matrix model analysis for this case was already done in [6]. It should be straightforward to generalize our results to the non-unitary minimal model case.

– 3 –

Minimal models (for a review see e.g. [17]) are labeled by two integers (p, p^′). The unitary case corresponds to p^′ = p + 1. The central charge of the (p, p + 1) model is given by

c = 1 − 6 p(p + 1)

. (2.1)

The minimal model contains a finite number of primaries of the Virasoro algebra labeled by two integers, (m, n), whose dimensions are

h_{m,n} = [(p + 1)m − pn]^2 − 1

4p(p + 1)

, (2.2)

where the labels (m, n) run over the range m = 1, 2, . . . , p − 1, n = 1, 2, . . . , p, and one identifies the pairs (m, n) and (p − m, p + 1 − n).

The coupling to gravity leads in conformal gauge to the appearance of the Liouville field, ϕ, which is governed by the action

S_L = ∫ d^2σ 4π ( (∂ϕ)^2 + QR̂ϕ + μ_L e^{2bϕ} ) . (2.3)

The central charge of the Liouville model is given by

c = 1 + 6Q^2 (2.4)

and the parameter b is related to Q via the relation

Q = b + 1 b . (2.5)

In general, b and Q are determined by the requirement that the total central charge of matter and Liouville is equal to 26. In our case, (2.1) and (2.4) imply that b = √ p p + 1

. (2.6)

An important class of conformal primaries in Liouville theory corresponds to the operators

V_α(ϕ) = e^{2αϕ} (2.7)

whose scaling dimension is given by Δ_α = Δ̄_α = α(Q − α). The Liouville interaction in (2.3) is δL = μ_L V_b.

The partition sum and correlation functions of the minimal models (2.1) coupled to gravity were computed using matrix models. We start this section by briefly reviewing the analysis of the leading non-perturbative effects in these models due to [6]. In the next subsection we will discuss the D-instantons that give rise to these effects.

– 4 –

2.1 Matrix model results We start with the simplest case, q = 2, corresponding to pure gravity. The partition sum of the model is given by the solution of the Painleve-I equation for the second derivative of the partition function F (μ), u(μ) = −∂^2_μF (μ):

u^2(μ) − 1 6 u^{′′}(μ) = μ . (2.8)

We denoted the cosmological constant in the matrix model by μ; it differs from the Liouville cosmological constant in (2.3), μ_L , by a multiplicative factor.

String perturbation theory is in this case an expansion in even powers of g_s = μ^{−5/4}:

u(μ) = μ^{1/2} ∞∑ h=0 c_hμ^{−5h/2} , (2.9)

where c_0 = 1, c_1 = −1/48, . . . , and c_h ∼_{h→∞} − a^{2h}Γ(2h − 1/2), with a = 5/8 √ 3. The series (2.9) is asymptotic, and hence non-perturbatively ambiguous. The size of the leading non-perturbative ambiguities can be estimated as follows. Suppose u and ũ are two solutions of (2.8) which share the asymptotic behavior (2.9). Then, the difference between them, ε = ũ − u, is exponentially small in the limit μ → ∞, and we can treat it perturbatively. Plugging ũ = u + ε into (2.8), and expanding to first order in ε, we find that ε^{′′} = 12uε (2.10) which can be written for large μ as ε^′ ε = r √ u + b u^′ u + · · · (2.11)

with r = −2 √ 3, b = −1/4. Using (2.9), u = √ μ + · · ·, one finds that

ε ∝ μ^{− 18} e^{− 8} √ 3 5 μ^54 . (2.12)

The constant of proportionality in (2.12) is a free parameter of the solution, and cannot be determined solely from the string equation (2.8) without further physical input.

The authors of [6] generalized the analysis above to the case of (p, p + 1) minimal models (2.1) coupled to gravity. They found it convenient to parameterize the results in the same way as in the c = 0 case, (2.11), i.e. to define the quantity r, ε^′ ε = r √ u + · · · , (2.13)

where ε is again the leading non-perturbative ambiguity in u = −F^{′′}. They found that for general p there is in fact a whole sequence of different solutions for r labeled by two integers (m, n) which vary over the same range as the Kac indices in eq. (2.2). The result for r_{m,n} was found to be: r_{m,n} = −4 sin πm p sin πn p + 1

. (2.14)

Our main purpose in the rest of this section is to reproduce the result (2.14) from Liouville theory.

– 5 –

2.2 Liouville analysis

As discussed in the introduction, general considerations suggest that the leading nonperturbative effects in string theory should be due to contributions of world sheets with holes, with boundary conditions corresponding to localized D-branes. The first question that we need to address is which D-branes should be considered for this analysis.

The minimal model part of the background can be thought of as a finite collection of points. All D-branes corresponding to it are localized and therefore should contribute to the non-perturbative effects. Minimal model D-branes are well understood [18]. They are in one to one correspondence with primaries of the Virasoro algebra (2.2). For our purposes, the main property that will be important is the disk partition sum (or boundary entropy) corresponding to the (m, n) brane, which is given by Z_{m,n} = ( 8 p(p + 1)

)_{1/4} sin_{πmp} sin_{πnp+1} ( sin^π_p sin^π_{p+1}

)_{1/2} . (2.15)

What about the Liouville part of the background? The authors of [11] introduced an infinite sequence of localized D-branes, labeled by two integers (m^′, n^′). Which of these branes should we take in evaluating instanton effects?

The analysis of [11] shows that open strings stretched between the (m^′, n^′) and (m^{′′}, n^{′′}) Liouville branes belong to one of a finite number of degenerate representations of the Virasoro algebra with central charge (2.4). The precise set of degenerate representations that arises depends on m^′, n^′, m^{′′}, n^{′′}. Degenerate representations at c > 25 occur at negative values of world sheet scaling dimension, except for the simplest degenerate operator, 1, whose dimension is zero. One finds [11] that in all sectors of open strings, except those corresponding to m^′ = n^′ = m^{′′} = n^{′′} = 1 there are negative dimension operators. It is thus natural to conjecture that the only stable D-instantons correspond to the case (m^′, n^′) = (1, 1), and we will assume this in the analysis below.

To recapitulate, the D-instantons that give rise to the non-perturbative effects in c < 1 minimal models coupled to gravity have the form: (1, 1) brane in Liouville × (m, n) brane in the minimal model. We next show that these D-branes give rise to the correct leading non-perturbative effects (2.14).

In order to compare to the matrix model results we should in principle use eq. (1.2), and evaluate the disk partition sum of the Liouville × minimal model D-brane. It turns out, however, much more convenient to compare directly the quantity r (2.13) which appears naturally in the matrix model analysis. The basic point is that this quantity is a natural object to consider in the continuum approach as well.

Indeed, from the continuum point of view, r is the ratio r = ∂ ∂μ log ε √ u = ∂ ∂μ_L Zdisc √ −∂^2_{μL} F , (2.16)

where in the numerator we used the fact that log ε is the disk partition sum corresponding to the D-instanton (see (1.2)). Thus we see that r is the ratio between the one point

– 6 – function of the cosmological constant operator V_b on the disk, and the square root of its two point function on the sphere. This is a very natural object to consider since it is known in general in CFT that n point functions on the disk behave like the square roots of 2n point functions on the sphere. In particular, for the purpose of computing r, we do not have to worry about the multiplicative factor relating μ and μ_L , as it drops out in the ratio; r is a pure number. We next compute it using the results of [11].

We start with the numerator in (2.16). We have ∂ ∂μ_L Z_{disk} = Z_{m,n} × ⟨V_b⟩_{(1,1)} , (2.17)

where we used the fact that the contribution of the minimal model is simply the disk partition sum (2.15), and the second factor is the one point function of the cosmological constant operator (2.3) on the disk with the boundary conditions corresponding to the (1, 1) D-brane of [11].

Z_{m,n} is given by eq. (2.15). The one point function of V_b can be computed as follows.^2 The annulus partition sum corresponding to open strings ending on the (1, 1) brane of [11] is given in the open string channel by

Z_{1,1}(t) = q^{− Q2}4 (1 − q) η(q) , (2.18)

where q = exp(−2πt) is the modulus of the annulus, and η(q) = q^124 ∏_∞ n=1(1 − q^n) is the Dedekind eta function. Performing the modular transformation to the closed string channel, t^′ = 1/t, one finds [11]:

Z_{1,1}(t^′) = ∫_∞ −∞ dP Ψ_{1,1}(P )Ψ_{1,1}(−P )χ_P (q^′) , (2.19)

where Ψ_{1,1}(P ) is given in appendix A, q^′ = exp(−2πt^′) = exp(−2π/t), and

χ_P (q) = q^{P 2} η(q) (2.20)

is a non-degenerate Virasoro character. Ψ_{1,1}(P ) can be interpreted as an overlap between the (1, 1) boundary state, B_{1,1}, and the state with Liouville momentum P ,

Ψ_{1,1}(P ) = ⟨B_{1,1}|P ⟩ . (2.21)

Therefore, Ψ_{1,1}(P ) is proportional to the one point function on the disk, with (1, 1) boundary conditions, of the Liouville operator V_α, with α = Q 2 + iP . (2.22)

The proportionality constant is a pure number (independent of P and Q). We will not attempt to calculate this number precisely here, since we can deduce it by matching any

2We are grateful to Al. Zamolodchikov for very useful discussions of this issue.

– 7 – one of the matrix model predictions, and then use it in all other calculations, but we will next mention a few contributions to it, for illustrative purposes.

First, in (2.19) the P integral runs over the whole real line, but |P ⟩ and | − P ⟩ are the same state, due to reflection from the Liouville wall, so we should replace ∫_∞ −∞ dP = 2 ∫_∞ 0 dP . Hence, the physical wavefunctions which should appear in (2.21) are √ 2Ψ_{1,1}.

Furthermore, the state |P ⟩ in (2.21) is normalized as ⟨P |P^′⟩ = δ(P − P^′), for consistency with (2.19). On the other hand, the state created by acting with the Liouville exponential V_α (2.7), with α given by (2.22), is normalized to πδ(P − P^′). Finally, when computing ⟨V_α(0)⟩_{disk}, the part of the SL(2, R) symmetry of the disk related to rotations around the origin is unfixed. This gives an extra factor of 1/2π in the one point function. Altogether, one finds ⟨V_α(0)⟩_{(1,1)} = C · √ 2 · √ π · 1 2π · Ψ_{1,1} (2.23)

where α is given by (2.22) and C is an undetermined constant which we will fix by comparing to matrix model results (we will find that C = 2).

We can now plug in (2.23) into (2.17) and, using the form of Ψ_{1,1} given in (A.3), find

⟨V_b(0)⟩_{(1,1)} = −C

2^{1/4} √ π[πμ_L γ(b^2)]^12^{(1/b2 −1)} bΓ(1 − b^2)Γ(1/b^2)

. (2.24)

We next move on to the denominator of (2.16). This is given by the two point function ⟨V_bV_b⟩_{sphere}. This quantity was calculated in [19, 20]. It is convenient to first compute the three point function ⟨V_bV_bV_b⟩_{sphere} and then integrate once, to avoid certain subtle questions regarding the fixing of the SL(2, C ) Conformal Killing Group of the sphere. One has (see appendix A):

⟨V_bV_bV_b⟩_{sphere} = b^{−1} [πμ_L ]^{1/b2−2} [γ(b^2)]^{1/b2} γ ( 2 − 1 b^2 ) . (2.25)

Integrating once w.r.t. −μ_L we find

⟨V_bV_b⟩_{sphere} =

1/b^2 − 1 πb [ πμ_L γ(b^2)

]_{1/b}2_{−1} γ(b^2)γ ( 1 − 1 b^2 ) . (2.26)

We are now ready to compute r, (2.16). Plugging in (2.15), (2.24) and (2.26) into (2.16), we find r_{m,n} = −2C sin πm p sin πn p + 1

, (2.27)

which agrees with the matrix model result (2.14) if we set C = 2. Since C is independent of m, n and p, we can fix it by matching to any one case, and then use it in all others. We conclude that the Liouville analysis gives the same results as the matrix model one.

3. Non-perturbative effects in compactified c = 1 string theory

In this section we discuss the leading non-perturbative effects in (euclidean) two dimensional string theory. The world sheet description contains a field x, compactified on a circle

– 8 – of radius R, x ≃ x + 2πR, coupled to gravity. The conformal gauge lagrangian describing this system is L = 1 4π [ (∂x)^2 + (∂ϕ)^2 + 2R̂ϕ + μ_L ϕe^{2ϕ} + λe^{(2−R)ϕ} cos[R(x_L − x_R)] ] . (3.1)

where we chose α^′ = 1, and perturbed the c = 1 model by a Sine-Gordon type interaction, λ cos[R(x_L − x_R)], which gives rise to the last term in (3.1) after coupling to gravity. The perturbation is relevant for R < 2, and we will restrict to that case in the discussion below.

We will next describe the matrix model predictions for the leading non-perturbative effects corresponding to (3.1), and then verify some of them in Liouville theory.

3.1 Matrix model analysis The model (3.1) was solved using matrix model techniques in [16], extending some earlier results [21]–[25]. In particular, it was shown in [16] that the Legendre transform F of the string partition sum F satisfies the Toda differential equation: 1 4 λ^{−1}∂_λλ∂_λF(μ, λ) + exp [ −4 sin^2 ( 1 2 ∂ ∂μ ) F(μ, λ) ] = 1 . (3.2)

The initial condition for this equation is supplied by the unperturbed c = 1 string theory on a circle F(μ, 0) = R 4 Re ∫_∞ Λ^{−1} ds s e^{−iμs} sinh^s_2 sinh^s_{2R}

(3.3) = − R 2 μ^2 log μ Λ − 1 24 ( R + 1 R ) log μ Λ + R ∞∑ h=2 μ^{2−2h}c_h(R)+O(e^{−2πμ})+O(e^{−2πRμ}) , where the genus h term c_h(R) is a known polynomial in 1/R. The function F(λ, μ) has a genus expansion which follows from (3.2). The string partition sum F is obtained from F by flipping the sign of the genus zero term [26].

We will need below some features of the solution of equations (3.2), (3.3), which we review next. In order to study the solution of (3.2), (3.3), it is convenient to introduce the parameters y = μξ , ξ = (λ √ R − 1)^{− 22−R} . (3.4) This parameterization is useful when λ is large, so that the last term in (3.1) sets the scale, and one can study the cosmological term perturbatively in μ. As explained in [16], this can only be done for R > 1. This is the physical origin of the branch cut in the definition of ξ in (3.4). In the regime where λ sets the scale, the genus expansion of the string partition sum is an expansion in even powers of ξ:

F(μ, λ) = λ^2 + ξ^{−2} [ R 2 y^2 log ξ + f_0(y) ] + [ R + R^{−1} 24 log ξ + f_1(y) ] + ∞∑ h=2 ξ^{2h−2}f_h(y) . (3.5)

The partition sum on the sphere, F_0(μ, λ), is given by the second term on the r.h.s. of (3.5). One can show [16] that at this order, the full Toda equation (3.2) reduces to an algebraic equation for X = ∂^2_y f_0 y = e^{− 1R X} − e^{− R−1R X} . (3.6)

– 9 –

This leads to the following perturbative expansion of F_0(μ, λ) in powers of λ:

F_0(μ, λ) = R 2 μ^2 log Λ μ + Rμ^2 ∞∑ n=1 1 n! ( (1 − R)μ^{R−2}λ^2

)_n Γ(n(2 − R) − 2) Γ(n(1 − R) + 1)

, (3.7)

which agrees with the original (conjectured) result for this quantity in [21]. The genus h ≥ 1 terms in the expansion (3.5) can be computed in principle by substituting (3.5) into (3.2), but only f_0 and f_1 are known in closed form. Nevertheless, we will see below that the large h behavior of f_h can be obtained directly from the differential equation (3.2), by computing the leading non-perturbative corrections to (3.5). We next turn to these corrections.

At λ = 0, there are two types of non-perturbative corrections to the 1/μ expansion (3.3), associated with the poles of the integrand in that equation. These occur at s = 2πik and s = 2πRik, k ∈ Z, and give rise to the non-perturbative effects indicated on the second line of (3.3), exp(−2πμk) and exp(−2πRμk), respectively.

At finite λ, the situation is more interesting. The series of non-perturbative corrections

ΔF = ∞∑ n=1 C_ne^{−2πnμ} (3.8)

gives rise to an exact solution of the full equation (3.2) [16]. Thus, the corresponding instantons are insensitive to the presence of the sine-Gordon perturbation! We will return to this interesting fact, and explain its interpretation in Liouville theory, in the next subsection.

The second type of corrections, which starts at λ = 0 like ΔF = e^{−2πRμ}, does not solve the full equation (3.2), and gets λ dependent corrections. To study these corrections one can proceed in a similar way to that described in section 2.1.

Let F and F̃ = F + ε be two solutions of the Toda equation (3.2). The linearized equation for ε reads 1 4 λ^{−1}∂_λλ∂_λε(μ, λ) − 4e^{−∂2μF0(μ,λ)} sin^2 ( 1 2 ∂ ∂μ ) ε(μ, λ) = 0 , (3.9)

where in the exponential in the second term we approximated

4 sin^2 ( 1 2 ∂ ∂μ ) F(μ, λ) ≃ ∂^2_μF_0 = R log ξ + X(y) . (3.10)

This is similar to the fact that in the discussion of section 2, one can replace u in eq. (2.10) by its limit as μ → ∞. After the change of variables from (λ, μ) to (y, μ), equation (3.9) can be written as α y^2 μ^2

(y∂_y)^2ε(μ, y) − 4e^{−X(y)} sin^2 ( 1 2 ( ∂ ∂μ + y μ ∂ ∂y )) ε(μ, y) = 0 , (3.11)

where α ≡^{R−1}_{(2−R)2} .

Since we know that ε is non-perturbatively small in the μ → ∞ limit, we use the following ansatz for it: ε(μ, y) = P (μ, y)e^{−μf(y)} . (3.12)

– 10 –

Here P is a power-like prefactor in g_s, and f(y) is the function we are interested in (the analogue of r in the minimal models of section 2). Substituting (3.12) into (3.11) and keeping only the leading terms in the μ → ∞ limit, one finds the following first order differential equation: √ α e^{12 X(y)}(1 − y∂_y)g(y) = ± sin [∂_yg(y)] , (3.13)

where we introduced g(y) = 1 2 yf(y) . (3.14)

The ± in (3.13) is due to the fact that one in fact finds the square of this equation.

Equation (3.13) is a first order differential equation in y, and to solve it we need to specify boundary conditions. As discussed earlier for the perturbative series, it is natural to specify these boundary conditions at λ → 0, or y → ∞ (see (3.4)). We saw in the discussion of (3.3) that there are two solutions, f(y → ∞) → 2π or 2πR. This implies via (3.14) that g(y → ∞) ≃ πy or πRy. We already saw that g(y) = πy gives an exact solution of (3.2), and this is true for (3.13) as well (as it should be). Thus, to study non-trivial non-perturbative effects, we must take the other boundary condition, g(y → ∞) ≃ πRy . (3.15) Interestingly, eq. (3.13) is exactly solvable. We outline the solution in appendix B. For the initial condition (3.15), the solution can be written as g(y) = yϕ(y) ± 1 √ α e^{− 12 X(y)} sin ϕ(y) , (3.16)

where ϕ(y) = ∂_yg satisfies the equation e^{2−R2R X(y)} = ± √ R − 1 sin (_1 R ϕ ) sin (_{R−1} R ϕ ) . (3.17)

The solution with the minus sign in (3.17) can be shown to be unphysical (see below). We will thus use the solution with a plus sign.

Equations (3.16), (3.17) are the main result of this subsection. We next discuss some features of the corresponding non-perturbative effects.

Consider first the situation for small λ, or large y. The first three terms in the expansion of ϕ(y) are ϕ(y) ≈ πR ± R sin(πR) √ R − 1 y^{− 2−R2} + R 2 sin(2πR) y^{−(2−R)} . (3.18)

This gives the following result for f(y) (3.12): f(y) = 2πR ± 4 sin(πR) √ R − 1 y^{− 2−R2} +

R sin(2πR) R − 1 y^{−(2−R)} + O(y^{−3(2−R)/2})

= 2πR ± 4 sin(πR) μ^{− 2−R2} λ + R sin(2πR) μ^{−(2−R)} λ^2 + O(λ^3) . (3.19)

We see that for large y, the expansion parameter is y^{− (2−R)}2 ∼ λ, as one would expect.

– 11 –

Another interesting limit is μ → 0 at fixed λ, i.e. y → 0, which leads to the Sine- Liouville model, (3.1) with μ_L = 0. For R = 3/2, this model is equivalent to the euclidean black hole background [27, 16]. As we see in (3.6), in this limit X → 0. The first two terms in the expansion of ϕ around this point are

ϕ(y) = ϕ_0 + R 2 ( (R − 1) cot ( R − 1 R ϕ_0 ) − cot ( 1 R ϕ_0 ))_{−1} y + O(y^2) , (3.20)

where ϕ_0 is defined by the equation sin (_1 R ϕ_0 ) sin (_{R−1} R ϕ_0 ) = ± 1 √ R − 1 . (3.21)

The function f(y) is given in this limit by the expansion f(y) = ± 2(2 − R) y √ R − 1 sin ϕ_0 + 2ϕ_0 + O(y) . (3.22)

Note that the behavior of f as y → 0, f ∼ 1/y, leads to a smooth limit as μ → 0 at fixed λ. The non-perturbative effect (3.12) goes like exp(−μf(y)), so that as y → 0 the argument of the exponential goes like μ/y = 1/ξ, and all dependence on μ disappears.

For R = 3/2, which corresponds to the euclidean black hole, the equations simplify. One can explicitly find ϕ_0 because (3.21) gives cos ϕ_0 3 = ± 1 √ 2 ⇒ ϕ_0 = 3π 4 or ϕ_0 = 9π 4 . (3.23)

As a result, one finds at this value of the radius a simple result μf(y) = ± μ y + (6 ∓ 3)π 2 μ + · · · = ± 1 2 λ^4 +

(6 ∓ 3)π 2 μ + · · · . (3.24)

Note that the solution with the minus sign leads to a growing exponential, e^12^{λ4} . Therefore, it is not physical, as mentioned above. For the particular case R = 3/2 one can write the solution for f(y) more explicitly. The result is given in appendix B.

Another nice consistency check on our solution is the RG flow from c = 1 to c = 0 CFT coupled to gravity, implicit in (3.1). Before coupling to gravity, the Sine-Gordon model associated to (3.1) describes the following RG flow. In the UV, the Sine-Gordon coupling effectively goes to zero, and one approaches the standard CFT of a compact scalar field. In the IR, the potential given by the Sine-Gordon interaction gives a world sheet mass to x, and the model approaches a trivial c = 0 fixed point. As shown in [21, 23], this RG flow manifests itself after coupling to gravity in the dependence of the physics on μ. Large μ corresponds to the UV limit; in it, all correlators approach those of the c = 1 theory coupled to gravity. Decreasing μ corresponds in this language to the flow to the IR, with the c = 0 behavior recovered as μ approaches a critical value μ_c, which is given by:

μ_c = −(2 − R)(R − 1)^{R2−R} λ^{22−R} . (3.25)

– 12 –

The non-perturbative contributions to the partition sum computed in this section must follow a similar pattern. In particular, f(y) must exhibit a singularity as y → y_c, with

y_c = −(2 − R)(R − 1)^{R−12−R} (3.26)

and furthermore, the behavior of f near this singularity should reproduce the non-pertur-bative effects of the c = 0 model coupled to gravity discussed in section 2.

The singularity at y = y_c corresponds to a critical point of (3.6), near which the relation between y and X degenerates: y_c − y y_c ≃ R − 1 2R^2

(X − X_c)^2 + O ( (X − X_c)^3 ) . (3.27)

Solving for the critical point, one finds that e^{− 2−R2R Xc} = √ R − 1 . (3.28)

The corresponding y_c is indeed given by (3.26). We can now solve for f(y), near y = y_c. Substituting (3.28) in (3.17) we find sin (_1 R ϕ ) sin (_{R−1} R ϕ ) = 1 R − 1 . (3.29)

Thus, the c = 0 critical point corresponds to ϕ → 0.^3 The first two terms in the expansion of ϕ around the singularity are ϕ(y) = √ 3(X_c − X)^{1/2} − √ 3(R^2 − 2R + 2)

20R^2

(X_c − X)^{3/2} + O ( (X_c − X)^{5/2} ) . (3.30)

Substituting this in (3.16) one finds g(y) = −y_c 2 √ 3(R − 1) 5R^2

(X_c − X)^{5/2} + O ( (X_c − X)^{5/2} ) (3.31)

or, using (3.14): f(y) ≈ − 8 √ 3 5 ( 2R^2 R − 1 )_{1/4} ( μ_c − μ μ_c )_{5/4} . (3.32)

The power of μ − μ_c is precisely right to describe a leading non-perturbative effect in pure gravity. It is interesting to compare the coefficient in (3.32) to what is expected in pure gravity. It is most convenient to do this by again computing r (2.11). u is computed by evaluating the leading singular term as μ → μ_c in ∂^2_μF_0 = R log ξ + X(y). One finds r = −2 √ 3 ( 2R^2 R − 1 )_{1/4} ( μ_c − μ μ_c )_{1/4} (X_c − X)^{−1/2} = −2 √ 3 (3.33)

in agreement with the result (2.14) for pure gravity. This provides another non-trivial consistency check of our solution.

3Note that if we chose the minus sign in (3.17), we would find a more complicated solution for ϕ. One can show that it would lead to the wrong critical behavior. This is an additional check of the fact that the physical solution corresponds to the plus sign in (3.17).

– 13 –

3.2 Liouville analysis

In this subsection we will discuss the Liouville interpretation of the matrix model results presented in the previous subsection. Consider first the unperturbed c = 1 theory corresponding to λ = 0 in (3.1). As we saw, in the matrix model analysis one finds two different types of leading non-perturbative effects (see (3.3)), exp(−2πμ), and exp(−2πRμ). It is not difficult to guess the origin of these non-perturbative effects from the Liouville point of view. The exp(−2πμ) contribution is due to a D-brane that corresponds to a (1, 1) Liouville brane × a Dirichlet brane in the c = 1 CFT, i.e. a brane located at a point on the circle parameterized by x. Similarly, the exp(−2πRμ) term comes from a brane wrapped around the x circle.

This identification can be verified in the same way as we did for minimal models in section 2. To avoid normalization issues, one can again calculate the quantity r (2.16). The matrix model prediction for the Neumann brane^4 is r = − 2π √ R √ log^Λ_μ

, (3.34)

where we used the sphere partition function F_0(μ, 0) of the unperturbed compactified c = 1 string given by the first term in (3.7).

The CFT calculation is similar to that performed in the c < 1 case. The partition function of c = 1 CFT on a disk with Neumann boundary conditions is well known; the calculation is reviewed in appendix C. One finds

Z_{Neumann} = 2^{−1/4} √ R . (3.35)

The disk amplitude corresponding to the (1, 1) Liouville brane, and the two-point function on the sphere are computed using equations (2.24) and (2.26), in the limit b → 1. The limit is actually singular, but computing everything for generic b and taking the limit at the end of the calculation leads to sensible, finite results. The leading behavior of (2.24) as b → 1 is ⟨V_b(0)⟩_{(1,1)} ≈ −

2^{5/4} √ π Γ(1 − b^2)

, (3.36)

with the constant C in (2.24) chosen to be equal to 2, as in the minimal model analysis of equations (2.23) – (2.27). The two point function (2.26) approaches

∂^2_{μL} F_0 ≃ − log μ_L πΓ^2(1 − b^2)

. (3.37)

Substituting (3.35), (3.36) and (3.37) into (2.16) gives the result (3.34). This provides a non-trivial check of the statement in section 2, that the constant C in eq. (2.23) is a pure number, independent of all the parameters of the model.

The agreement of (3.34) with the Liouville analysis supports the identification of the Neumann D-branes as the source of the non-perturbative effects exp(−2πRμ). A similar

4Similar formulae can be written for the Dirichlet brane.

– 14 – analysis leads to the same conclusion regarding the relation between the Dirichlet c = 1 branes and the non-perturbative effects exp(−2πμ) (the two kinds of branes are related by T-duality).

Having understood the structure of the unperturbed theory, we next turn to the theory with generic λ. In the matrix model we found that the non-perturbative effects associated with the Dirichlet brane localized on the x circle are in fact independent of λ (see (3.8) and the subsequent discussion). How can we understand this statement from the Liouville point of view?

The statement that (3.8) is an exact solution of the Toda equation (3.2) corresponds in the continuum formulation to the claim that the disk partition sum of the model (3.1), with (1, 1) boundary conditions for Liouville, and Dirichlet boundary conditions for the matter field x is independent of λ. In other words, all n-point functions of the operator given by the last term in (3.1) on the disk vanish ⟨(∫ d^2ze^{(2−R)ϕ} cos[R(x_L − x_R)] )_n⟩ (1,1)×Dirichlet

= 0 . (3.38)

Is it reasonable to expect (3.38) to be valid from the world sheet point of view? For odd n (3.38) is trivially zero because of winding number conservation. Indeed, the Dirichlet boundary state for x breaks translation invariance, but preserves winding number. The perturbation in (3.1) carries winding number, and for odd n all terms in (3.38) have nonzero winding number. Thus, the correlator vanishes.

For even n one has to work harder, but it is still reasonable to expect the amplitude to vanish in this case. Indeed, consider the T-dual statement to (3.38), that the n point functions of the momentum mode cos(x/R), on the disk with (1, 1) × Neumann boundary conditions, vanish. This is reasonable since the operator whose correlation functions are being computed localizes x at the minima of the cosine, while the D-brane on which the string ends is smeared over the whole circle. It might be possible to make this argument precise by using the fact that in this case the D-instanton preserves a different symmetry from that preserved by the perturbed theory, and thus it should not contribute to the non-perturbative effects.

To summarize, the matrix model analysis predicts that (3.38) is valid. We will not attempt to prove this assertion here from the Liouville point of view (it would be nice to verify it even for the simplest case, n = 2), and instead move on to discuss the nonperturbative effects due to the localized branes on the x circle.

The non-trivial solution of eq. (3.13) given by (3.16), (3.17) should correspond from the Liouville point of view to the disk partition sum of the (1, 1) Liouville brane which is wrapped around the x circle. The prediction is that ⟨(∫ d^2ze^{(2−R)ϕ} cos[R(x_L − x_R)] )_n⟩ (1,1)×Neumann

(3.39)

are the coefficients in the expansion of f(y) (3.12) in a power series in λ, the first terms of which are given by (3.19). It would be very nice to verify this prediction directly using

– 15 –

Liouville theory, but in general this seems hard given the present state of the art. A simple check that can be performed using results in [11] is to compare the order λ term in (3.19) with the n = 1 correlator (3.39). We next compare the two.

Like in the other cases studied earlier, it is convenient to define a dimensionless quantity, ρ, given by the ratio of the one point function on the disk (3.39) and the square root of the appropriate two point function on the sphere, ρ = ∂ ∂λ log ε √ −∂^2_λF_0 | | | |_{λ=0} . (3.40)

The matrix model result (3.19), (3.7), for this quantity is ρ = − μ^∂_{∂λ} f √ −∂^2_λF_0 | | | | λ=0 = −2 √ 2 sin(πR) . (3.41)

In the Liouville description, ρ is given by ρ = B_T ⟨V_{b−} R_2 ⟩_{(1,1)} √ −⟨T^2⟩ . (3.42)

Here, T = cos R(x_L − x_R)V_{b−} R_2 . B_T is the one point function of cos R(x_L − x_R) on the disk. It has the same value as (3.35) (see appendix C)

B_T = 2^{−1/4} √ R . (3.43)

The one point function of the operator V_{b−} R_2 is related to the wavefunction (A.3) with momentum iP = b − R/2 − Q/2 and is given by

⟨V_{b−} R_2 (0)⟩_{(1,1)} = −

2^{5/4} √ π[πμ_L γ(b^2)]^12^{(1/b2 −1+R/b)} bΓ(1 − b^2 + Rb)Γ(1/b^2 + R/b)

. (3.44)

The two-point function of T on the sphere is computed as above from the three point function (A.10). One finds ⟨ T^2 ⟩ = (_1

b^2 + R b − 1 ) 2πb [ πμ_L γ(b^2)

] 1_{b2 +} R_{b −1} γ ( b^2 − Rb ) γ ( 1 − 1 b^2 − R b ) . (3.45)

Substituting these results into (3.42) leads, in the limit b = 1, to (3.41). We see that the Liouville results are again in complete agreement with the corresponding matrix model calculation.

4. Discussion

In this paper we studied non-perturbative effects in c ≤ 1 non-critical string theory, using both matrix model and continuum (Liouville) methods. We showed that the matrix model results correspond in the continuum approach to D-instanton effects due to localized branes in Liouville theory, the (1, 1) branes constructed in [11]. Our work is motivated by the recent proposal of [13], but the details are different.

– 16 –

For c < 1 unitary minimal models, we showed that the contribution of these branes reproduces the matrix model results of [6]. For c = 1 we used the results of [16] to derive the leading non-perturbative effects in the matrix model description of the Sine-Gordon model coupled to gravity, as a function of the compactification radius and the Sine-Gordon coupling, and reproduced some of these predictions using the Liouville branes of [11].

The matrix model analysis led in addition to a number of predictions regarding the properties of D-instantons in c = 1 string theory. In particular, we showed that an infinite number of correlation functions given in eq. (3.38) must vanish, and the correlation functions (3.39) are given by the expansion of f(y) (3.14) in a power series in λ, the first few terms of which appear in (3.19).

Another interesting set of matrix model predictions concerns the limit μ → 0, in which one finds the Sine-Liouville model, (3.1) with μ_L = 0. The expansion of f(y) around y = 0, (3.22), provides information about the disk partition sum and correlation functions of closed string operators in the presence of D-branes in this model. For the particular case R = 3/2, these predictions apply also to the SL(2)/ U(1) (cigar) background corresponding to a euclidean two dimensional black hole. In the cigar, the D-branes in question are wrapped around the angular direction of the cigar, and are localized near the tip. Our results give rise to predictions for correlation functions on the disk with these boundary conditions.

Our analysis also resolves a previously open problem, of describing world sheet gravity on the disk with the boundary conditions described in [11] using the matrix model approach. It opens the possibility of studying gravity on AdS_2 using matrix model techniques.

An interesting open problem is how to go beyond the calculation of the leading nonperturbative contributions to the amplitudes (1.1), and study the perturbative expansion around the D-instantons discussed in this paper. In the matrix model approach one finds that the leading non-perturbative terms behave like A_{1−inst.} ∼ C g^{fA}_s e^{− fDgs} , (4.1) where f_D was discussed in this paper, and f_A is known as well.^5 The constant C is ambiguous in the matrix model.

In the continuum Liouville description, f_D has been computed in this paper, and it would be interesting to compute f_A and understand whether C is ambiguous or can be determined. In order to study these issues, one has to understand the perturbative expansion about the D-instantons discussed in this paper. In particular, it is natural to expect that f_A will arise from the annulus with boundary conditions corresponding to the (1, 1) brane (this gives the correct scaling with g_s).

The discussion of this paper has some interesting higher dimensional generalizations. For example, if one replaces Liouville by N = 2 Liouville, and the minimal models by

5For the partition sum one finds a simple universal behaviour. For the minimal models, in all cases that we are aware of, Fnon-pert ∼ g^{1/2}s e^{− fDgs} (see [28]). For the c = 1 model, equation (3.8) suggests that Fnon-pert ∼ g^0_s e^{− fDg}s .

– 17 –

N = 2 minimal models, one finds the background SL(2)_k U(1) × SU(2)_k U(1)

(4.2)

describing NS5-branes spread out on a circle [29, 30]. The D-instantons analogous to those studied in this paper correspond to euclidean D0-branes stretched between pairs of fivebranes. From the point of view of the geometry (4.2), they are described by D-branes living near the tip of the cigar, which are N = 2 superconformal generalizations of the (1, 1) brane of [11]. In particular, the spectrum of open strings ending on them corresponds to the N = 2 superconformal block of the identity.

Like in our case, the D-instantons are obtained by tensoring the above N = 2 Liouville branes with the different D-branes in the N = 2 minimal model. Understanding the nonperturbative effects due to these instantons is an interesting open problem. Studying the branes discussed in this paper in more detail is a very useful warmup exercise for the fivebrane problem. It might suggest hints for finding an analog of the matrix model for fivebranes.

Acknowledgments

We thank V. Fateev, A. Giveon, I. Kostov, E. Martinec, G. Moore, and especially Al. Zamolodchikov for useful discussions. The work of V.K. is supported in part by NATO grant PST.CLG.978817. The work of D.K. is supported in part by DOE grant #DE-FG02- 90ER40560. D.K. thanks LPT at Ecole Normale Supérieure (Paris), LPTHE at Université Paris VI, and LPM at Université Montpellier II for hospitality during the course of this work. The work of S.A. and V.K. was partially supported by European Union under the RTN contracts HPRN-CT-2000-00122 and -00131. The work of S.A. was also supported in part by European network EUCLID HPRN-CT-2002-00325.

A. Correlation functions in Liouville theory

In this appendix we summarize some results on Liouville field theory, from [11, 19, 20], which are used in the text. The one-point function of the operator (2.7) in Liouville theory on the disk with boundary conditions corresponding to the (1, 1) brane is given by U(α) = [πμ_L γ(b^2)]^{−α/b}QΓ(bQ)Γ(Q/b) (Q − 2α)Γ(b(Q − 2α))Γ((Q − 2α)/b) , (A.1)

where γ(x) = Γ(x) Γ(1 − x)

. (A.2)

U(α) is the normalized one-point function, i.e. the one point function divided by the disk partition function. As discussed in the text, the unnormalized one point function of V_α is related to the wavefunction with momentum iP = α − Q/2 defined by (2.19), which is given by

Ψ_{1,1}(P ) = 2^{3/4}2πiP [πμ_L γ(b^2)]^{−iP/b} Γ(1 − 2ibP )Γ(1 − 2iP/b) . (A.3)

– 18 –

The three-point function on the sphere is (suppressing the standard dependence on the world sheet positions of the vertex operators)

⟨V_{α1} V_{α2} V_{α3} ⟩_{sphere} = [ πμ_L γ(b^2)b^{2−2b2} ]_{(Q−}^∑_{αi)/b} × (A.4) × Υ_0Υ(2α_1)Υ(2α_2)Υ(2α_3) Υ(α_1+α_2+α_3−Q)Υ(α_1+α_2−α_3)Υ(α_2+α_3−α_1)Υ(α_3+α_1−α_2) ,

where

Υ(x) = exp ∞∫ 0 dt t ( Q 2 − x )_2 e^{−t} − sinh^2 (_Q 2 − x )_t 2 sinh^{bt}_2 sinh^t_{2b}

(A.5)

and Υ_0^{def}= dΥ(x) dx | | | x=0 = Υ(b) . (A.6)

An important property of the function Υ(x) is the set of recursion relations it satisfies,

Υ(x + b) = γ(bx)b^{1−2bx}Υ(x) , (A.7) Υ ( x + 1 b ) = γ (x b ) b^{2x/b−1}Υ(x) . (A.8)

Special cases of these relations that are used in the text are:

Υ(2b) Υ(b)

= γ(b^2)b^{1−2b2} , (A.9)

Υ(2b) Υ ( 2b −^1_b

) = γ(2 − 1/b^2)b^{3−2/b2} , (A.10) Υ(2b − R) Υ(b − R) = γ(b(b − R)) b^{1−2b2+2bR} , (A.11) Υ(2b − R) Υ(2b − 1/b − R) = γ ( 2 − 1 b^2 − R b ) b^{3−2/b2−2R/b} . (A.12)

Using these relations one finds:

⟨V_bV_bV_b⟩_{sphere} = [ πμ_L γ(b^2)b^{2−2b2}

]_{1/b}2_{−2} Υ_0 Υ(2b − 1/b) ( Υ(2b) Υ(b)

)_3 (A.13)

= b^{−1} [πμ_L ]^{1/b2 −2} [γ(b^2)]^{1/b2} γ ( 2 − 1 b^2 ) , (A.14)

⟨V_{b−} R_2 V_{b−} R_2 V_b⟩_{sphere} = [ πμ_L γ(b^2)b^{2−2b2}

] 1_{b2 −2+} R_b Υ_0Υ(2b)Υ2(2b − R) Υ (2b − 1/b − R) Υ(b − R)Υ^2(b)

(A.15)

= b^{−1} [ πμ_L γ(b^2)

] 1_{b2 +} R_{b −1} γ(b^2)γ (b(b − R)) γ ( 2 − 1 b^2 − R b ) . (A.16)

– 19 –

B. Solution of the equation for non-perturbative corrections in the c = 1 model

In this appendix we present the solution of equation (3.13). First, differentiate equation (3.13) once w.r.t. y. The result is [ 2 √ α sinh ( 2 − R 2R X ) ∓ cos(∂_yg) ] ∂^2_y g = √ α 2 e^{12 X} ∂_yX(y∂_y − 1)g = ∓ 1 2 ∂_yX sin(∂_yg) .

(B.1) Define h(X) = ± cos (∂_yg(y)) . (B.2)

In terms of h, equation (B.1) reads [ h − 2 √ α sinh ( 2 − R 2R X )] ∂_X h = 1 2 (h^2 − 1) . (B.3)

Changing variables to z = exp ( 2 − R 2R X ) (B.4)

and considering z as a function of h, one arrives at a Riccati type equation

∂_hz = a(h)z^2 + b(h)z + c(h) , (B.5)

where a(h) = − √ R − 1 R 1 h^2 − 1 , b(h) = 2 − R R h h^2 − 1 , c(h) = √ R − 1 R 1 h^2 − 1

. (B.6)

The general solution of (B.5) is easily written if a particular solution is known. One can check that z_0(h) = − √ R − 1 ( h + √ h^2 − 1 ) (B.7)

is a solution. Then after the substitution

z(h) = z_0(h) + 1 w(h) , (B.8)

equation (B.5) takes the form

∂_hw = −(2az_0 + b)w − a , (B.9)

whose general solution is given by w(h) = − 1 d(h) ( C + ∫ dh a(h)d(h) ) where d(h) = exp (∫ dh (2az_0 + b) ) . (B.10)

The integrals can be calculated explicitly. First, one finds d(h) = √ h^2 − 1 exp [ 2 R − 1 R log ( h + √ h^2 − 1 )] . (B.11)

– 20 –

The subsequent substitution into w gives w(h) = − 1 d(h) ( C − 1 2 √ R − 1 exp [ 2 R − 1 R log ( h + √ h^2 − 1 )]) . (B.12)

Taking together (B.8), (B.7) and (B.12), one obtains

z(h) = − √ R − 1 h + √ h^2 − 1

C^′ exp [ −2^{R−1}_R log ( h + √ h^2 − 1 )] + 1 C^′ exp [ −2^{R−1}_R log ( h + √ h^2 − 1 )] − 1 , (B.13)

where we redefined the integration constant C^′ = 2 √ R − 1C. The solution (B.13) is written in a form valid for |h| > 1. We are interested in |h| < 1 due to the definition (B.2). Therefore, one should replace √ h^2 − 1 → i √ 1 − h^2 in (B.13).

The integration constant C^′ must be chosen such that z(h) is real. This implies that C^′ is a phase, C^′ = e^{2iψ}. Denoting

h = ± cos ϕ , (ϕ = ∂_yg(y)) , (B.14)

one finds^6 z(ϕ) = ∓ √ R − 1 { cos ϕ + sin ϕ tan ( R − 1 R ϕ + ψ )} . (B.15)

Finally, we rewrite (B.15) as z(ϕ) = ∓ √ R − 1 cos (_1 R ϕ − ψ ) cos (_{R−1} R ϕ + ψ ) . (B.16)

The initial condition (3.15) means that z (πR) = 0, and leads to ψ = π 2 . (B.17)

This reduces (B.16) to (3.17). In terms of z and ϕ, our initial function g is written as follows g(ϕ) = y(ϕ)ϕ ± 1 √ α e^{− 12 X(ϕ)} sin ϕ = z^{− R2−R} ( (z^{−1} − z)ϕ ± 1 √ α sin ϕ ) . (B.18)

For the particular case R = 3/2 the solution can be written explicitly. Then (3.17) and (3.6) give

e^{16 X} = ± √ 2 cos ϕ 3 , (B.19) e^{−1/3X} = 1 2 (1 + √ 1 + 4y) (B.20)

and (B.18) leads to

g(y) = 3y arccos [ ± ( 1 + √ 1 + 4y )_{−1/2}] ± 1 4 (1 + 4y)^{1/4}(3 − √ 1 + 4y) . (B.21)

6The ambiguity to replace ϕ → ϕ + 2πn is captured by the integration constant ψ.

– 21 –

C. Disk one-point functions in c = 1 CFT

We want to calculate the one-point function B_T = ⟨cos[R(x_L − x_R)]⟩ of the winding one operator on the disk with Neumann boundary conditions for x. This is the same as ⟨cos(x/R)⟩ with Dirichlet boundary conditions for x, which lives on a circle of radius 1/R.

A simple way to calculate B_T is to study the annulus partition function with Neumann boundary conditions, as a function of the modulus τ in the open string channel,

Z_{ann} = Tr q^{L0− 124} , (C.1)

where q = e^{2πiτ} and L_0 = p^2 + N. The momentum p takes values in^1_R Z. A standard calculation gives

Z_{ann} = 1 η(q) ∑ n∈Z q^{(n/R)2} = θ_3(0|^{2τ}_{R2} ) η(τ) , (C.2)

where η(q) = q^124 ∏_∞ m=1(1 − q^m) and θ_3(0|τ) = ∑ n∈Zq^12^{n2} .

In the closed string channel the same annulus partition function can be represented as a sum over winding modes exchanged between two D-branes. Performing the modular transformation τ̃ = −1/τ, and using the modular properties of the elliptic functions,

η(τ) = (−iτ)^{−1/2}η(−1/τ) , θ_3(0|τ) = (−iτ)^{−1/2}θ_3(0| − 1/τ) , (C.3)

we find the following expansion in the closed string channel

Z_{ann} = R √ 2 1 η(q̃) ∑ n∈Z q̃^{12 (nR)2} , (C.4)

where q̃ = exp(−2πi/τ). The disk partition sum (3.35) is the square root of the n = 0 term in (C.4). The one point function (3.43) is the square root of the n = 1 term. Both are equal to Z_{Neumann} = B_T = 2^{− 14} √ R . (C.5)

References

[1] M.R. Douglas and S.H. Shenker, Strings in less than one-dimension, Nucl. Phys. B 335 (1990) 635.

[2] E. Brezin and V.A. Kazakov, Exactly solvable field theories of closed strings, Phys. Lett. B 236 (1990) 144.

[3] D.J. Gross and A.A. Migdal, Nonperturbative two-dimensional quantum gravity, Phys. Rev.

Lett. 64 (1990) 127.

[4] F. David, Phases of the large-N matrix model and nonperturbative effects in 2-d gravity, Nucl. Phys. B 348 (1991) 507.

[5] F. David, Nonperturbative effects in matrix models and vacua of two-dimensional gravity, Phys. Lett. B 302 (1993) 403 [hep-th/9212106].

[6] B. Eynard and J. Zinn-Justin, Large order behavior of 2-d gravity coupled to d < 1 matter, Phys. Lett. B 302 (1993) 396 [hep-th/9301004].

– 22 –

[7] S.H. Shenker, The strength of nonperturbative effects in string theory, presented at the Cargèse Workshop on Random Surfaces, Quantum Gravity and Strings, Cargèse, France, May 28 - Jun 1, 1990.

[8] J. Polchinski, Combinatorics of boundaries in string theory, Phys. Rev. D 50 (1994) 6041 [hep-th/9407031].

[9] M. Fukuma and S. Yahikozawa, Comments on d-instantons in c < 1 strings, Phys. Lett. B 460 (1999) 71 [hep-th/9902169].

[10] R. Neves, D-instantons in non-critical open string theory, Phys. Lett. B 411 (1997) 73 [hep-th/9706069].

[11] A.B. Zamolodchikov and A.B. Zamolodchikov, Liouville field theory on a pseudosphere,

hep-th/0101152.

[12] I.R. Klebanov, J. Maldacena and N. Seiberg, D-brane decay in two-dimensional string theory, J. High Energy Phys. 07 (2003) 045 [hep-th/0305159].

[13] E.J. Martinec, The annular report on non-critical string theory, hep-th/0305148. [14] J. McGreevy and H. Verlinde, Strings from tachyons: the c = 1 matrix reloated,

hep-th/0304224.

[15] J. McGreevy, J. Teschner and H. Verlinde, Classical and quantum D-branes in 2d string theory, hep-th/0305194.

[16] V. Kazakov, I.K. Kostov and D. Kutasov, A matrix model for the two-dimensional black hole, Nucl. Phys. B 622 (2002) 141 [hep-th/0101011].

[17] P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field Theory, Springer Verlag, Berlin 1997.

[18] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B 324 (1989) 581.

[19] H. Dorn and H.J. Otto, Two and three point functions in Liouville theory, Nucl. Phys. B 429 (1994) 375 [hep-th/9403141].

[20] A.B. Zamolodchikov and A.B. Zamolodchikov, Structure constants and conformal bootstrap in Liouville field theory, Nucl. Phys. B 477 (1996) 577 [hep-th/9506136].

[21] G.W. Moore, Gravitational phase transitions and the Sine-Gordon model, hep-th/9203061. [22] R. Dijkgraaf, G.W. Moore and R. Plesser, The partition function of 2-d string theory, Nucl.

Phys. B 394 (1993) 356 [hep-th/9208031].

[23] E. Hsu and D. Kutasov, The gravitational Sine-Gordon model, Nucl. Phys. B 396 (1993) 693 [hep-th/9212023].

[24] D. Boulatov and V. Kazakov, One-dimensional string theory with vortices as the upside down matrix oscillator, Int. J. Mod. Phys. A 8 (1993) 809 [hep-th/0012228].

[25] J. Hoppe, V. Kazakov and I.K. Kostov, Dimensionally reduced SY M_4 as solvable matrix quantum mechanics, Nucl. Phys. B 571 (2000) 479 [hep-th/9907058].

[26] I.R. Klebanov, String theory in two-dimensions, hep-th/9108019. [27] V. Fateev, A. Zamolodchikov and Al. Zamolodchikov, unpublished.

– 23 –

[28] P. Ginsparg and J. Zinn-Justin, Action principle and large order behavior of nonperturbative gravity, in proceedings of Cargèse Workshop: random surfaces and quantum gravity, O. Alvarez et al. eds., Cargèse, France, May 27 - June 2, 1990.

[29] A. Giveon and D. Kutasov, Little string theory in a double scaling limit, J. High Energy Phys. 10 (1999) 034 [hep-th/9909110].

[30] A. Giveon and D. Kutasov, Comments on double scaled little string theory, J. High Energy Phys. 01 (2000) 023 [hep-th/9911039].

– 24 –